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On the Probability Density Function of the Rank
Statistics
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Abstract

The purpose of this paper is to investigate properties of the probability density
function of the rank statistics for a Brownian motion. Fujita and Miura (2006)
defined the rank statistics for a Brownian motion and derived closed form for its
density function. However, since their density function includes multiple integrals,
it is hard to imagine the shape of the density function. Thus we will evaluate the
multiple integrals numerically to investigate the properties of the density function
of the rank statistics. We also prove some properties of the distribution of the rank

statistics mathematically.
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1 Introduction

This short paper reports the properties of the probability density function of the rank statistics
for a Brownian motion. Fujita and Miura [1] defined the rank statistics for a Brownian motion
and derived closed form for its density function. Further Miura [2] studied an exotic derivative
called stochastic corridor, which is related to the rank statistics. However, since the density
function derived in Fujita and Miura [1] includes multiple integrals, it is hard to imagine the
shape of the density function. Thus we will evaluate the multiple integrals numerically and
investigate the properties of the density function of the rank statistics. We also prove some
properties of the distribution of the rank statistics mathematically.
For a stochastic process {X; }seio, s, the rank of X, is defined by
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%fOT[(Xs<X;)dS, (1)

where 7(*) is an indicator function. In this paper we only consider the case where X; is a
Brownian motion, that is Xs = us+ W, where Ws is a one-dimensional standard Brownian
motion and #€ R. We use the notation

1 T
tr = ?fo I(us+ Ws<ut~+ Wpds.
The density function fr¢, for Rfr is given by
frer ()= f_w T f oo (3, ), (2)

where fr,. 0 » is the joint probability density function of (Wz, R 7). The joint density function
Sfavn, kg p 1s given as follows. If 0<¢ <72,

Sovprp(z, )= TffA Sy, y) fr-dx— 21, Ty — y0)dxidy,

where
(G, ) —00<x1<00,0<y1<Ty},ifO<y<%
={(x1, y): —o0< 3 < 00, 0< 1 < 1}, if == <y<%
{(x, y): —co< <o, Ty—(T—t)< <t} if t<y<1
If T/2<t<1,

Sowprep(z, )=T f f LI @ =z, Ty —32) f1-i (03, y2)dzadlys,

where
. T—t
{(xz, y2): =00 << 00, 0< 3, < Ty}, 1fo<y<T
B=1{{(xz, y2): —00<2,<00, 0< 3, < T — 1), 1f <y<7
(g, y2): —00 <3< 00, Ty—(T— )<y < T—1t},if = <y<1
Here
f[ a exp{— a }ds a>0
) u 27{/53(1‘—5)3 20t—s) 1™
fila,u)= )
f”—iag exp{—i}ds,a<0
0 2my/s*(t—s) 2s
u a aZ
———————expy— 5 (ds,a>0
. fo 27r/s3(t—s)3 { 25}
fila, u)= , . .
— <
f" 2m/s%(t—s)’ exp{ 2(t_s)}ds,a !
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See Fujita and Miura [1] for derivation of fr#, and fuw,rp». In the next section, we
investigate the properties of fzs .

2 Density functions of the rank statistics

In this section, we will examine the properties of the density function of the rank statistics.
First we prove several properties mathematically.
Proposition 1. The rank statistics have the following properties.

(i) fR;fT (J?):fkg“T 1—ux).
(law)

(i) Rfr = Rt .
(i) RO, and RY, r follow an arcsine law.
Proof. We first show (i). We have

1 T
RifT=7ﬁ I(us+ Ws<ut+ W)ds
1 t
= [ TWi= Wit ut—9)>0)ds
1 T
+7ﬁ T(Ws— Wi+ u(s— ) <0)ds

1 rt - 1 71—t ~
:7./0 ](Ws—us>0)ds+7fo T(Ws—us<0)ds, (3)

where W= Wi— Wi_s and Ws= Wi+s— W, which are independent Brownian motions. It then
follows that

1t . 1 (1t~
Rﬁ7<x<:>1—?f0[(Ws+us>0)ds—7f0 T(W ot us<0)ds>1—x

@%(t—ﬁt[(Ws+us>O)ds)
+%(T—t—f()T_t[(VT/s+u3<0)dS>>1—I

1 t - 1 T—t ~
‘:’7]0 ](Ws+us<0)ds+7jo T(W ot ps>0)ds>1—x

1 t ~ 1 T—t ~
‘:’TL - Ws—us>o)ds+7fo (= Wi—us<0)ds>1—x
for u€ R. Since — W and — VT/S are standard Brownian motions,
17 - 1 7t ~ aw)
7[() I(— Ws—us>0)ds+7fo [(= W—us<0)ds 2 Ri#,
We then obtain
which implies (i).

Next we will show (ii). We have
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1 rT
Rt o= [ I(=ps+ W< —u(T— )+ Wr_)ds
1 T—t
:Tfo I(Wr—i— Ws—u(T—t—s)>0)ds
1 rr
o [ IWe= Wroi= (s —(T = 1) <0)ds
T—t
1 T—t ~ 1 t ~
= [ 1O us> 00 s+ o [ 1T = s <O)ds

= [ I )+ us <O+ [ 1= )+ us>0)ds, n

where We= Wr—— Wr—r—s and Ws= Wr—rss— Wr-i, which are independent standard Brownian
motions. Since — Ws and — VT/S are also independent standard Brownian motions, it follows
from (3) and (4) that Rf'r = Ri%, 1.

Finally we prove (iii. It follows from (3) that

R —ifTI(VT/«))d d Ry —ifTI(W>o)d
O,T_T 0 s S an T,T_T o s S,

where W, and s are Brownian motions. Thus R9 rand R?, 7 follow an arcsine law. ]

This proposition implies that, to know the density functions of the rank statistics, it is enough
to consider frz,(x) for £#>0 and t€[0, 7/2]. Indeed, if £ <0 and ¢€[0, 7/2], then the density
function is derived from the property (i). If #>0 and t€[7/2, T], it follows from (ii) that
Sre(2)= frze, (2). Together with (i), we obtain the density function by

fR;f T(l’) :fR;‘f”(I> :fR#,"T(l _l').

If <0 and tE[T/2, T], then the density function is derived from the property (ii). Further the
property (i) implies that fz¢(x) is symmetric with respect to x=T7/2.

Next we will investigate the shape of the density function of R r numerically. For simplicity,
we put 7=1. We adopt Monte Carlo integration to calculate the value fz#,(x). We use Sobol
sequence as random numbers. We calculate fz¢,(x) at £=0.01, 0.05, 0.1, 0.15, .., 0.99 and draw
the graph by interpolation. Note that (2) includes integral over infinite interval. We then
transform (2) into integral over [0, 1], that is,

[Crray= [ ray+ [ nay+ [ nrdy+ [ “nGay

_ (Yh(=1/2) 1 1 1h(1/2)
= [ F et [ hatDdzt [ n@dat [

where 4(y) is the integrand in (2). So we adopt Monte Carlo integration to these four integrals.
Figure 1-5 show the graphs of the density functions of K¢ . From these graphs, in addition to
the properties in Proposition 1, we can find the followings.

e When ¢#0, 0.5, 1, fz#, () is bimodal.
* fre,, (x) is unimodal.

These properties also will be proved mathematically, but we leave this issue to future work.
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3 Concluding remarks

In this paper, we investigate the properties of the density function of the rank statistics. In
particular, we use Monte Carlo integration to draw the graphs of the density functions.
Alternatively, we can imagine the shape of the graph by discretization of (1) and drawing the
histogram. Let 0=£,<#t< -+ <t=< - <ty=T be a sequence of the interval [0, T]. We
simulaTte the path of X, and obtain the sequence X, X, .., X, .., X1,. We then approximate
/T fo I(Xs< X)ds by the rank of X;, in Xy, Xy, .., Xi,. Repeating this simulation, we obtain
the histogram of approximated rank statistics. Of course, we will obtain similar histograms to
Figure 1-5.
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Figure 1: Density function of R
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Figure 2: Density function of R :
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Figure 3: Density function of R 1
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Figure 4: Density function of Rfs 1
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Figure 5: Density function of Rfs 1
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